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We consider the behavior of a self-oscillating system
X" 402X —ef (X, X') =pb’ () 0.1)

for small values of € and M4, where §'(t) is a "white noise" process, We
shall investigate the probability density of a transition (Section 2)
and of a stationary distribution (Section 3) of a Markov process (X(t)
X'(t)), defined by equation (0.1), under various assumptions regarding
the order of magnitude of u/Je. In particular, it is shown that if

u/Je << 1, then the "white noise" may be neglected in calculating the
steady state of self-oscillations. Particular attention is paid to the
case u/Je ~ 1, It is shown that in this case the stationary probability
distribution tends to a limit as € = 0. This limit is found. The effec-
tive frequency of the oscillations is calculated (Section 4) to within
a quantity which is o(g). The results are applied to the Van der Pol
case (Section 5). In this particular case the stationary distribution is
found to be Gaussian.

1. As is known, the system F(z", x’, x, €) = 0 (which is conservative
for € = 0) has a stable 1imit cycle for any arbitrarily small €, if F
satisfies certain conditions. The methods for calculating the position
of this 1limit cycle for small values of € have been developed in detail.
These methods, dating back to Van der Pol, were established on a more
general basis in the works of N.N. Bogoliubov and N.N. Krylov (the
averaging principle).

It may happen, however, that as &€ -~ 0, the system will become
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sensitive to small random disturbances which "spread out” its limiting

operation. It is demonstrated below that the operation of such a system
may be analyzed with the aid of a theorem, proved by the author, which

extends the averaging principle to systems with random noise.

Equation (0.1) may be written more correctly in the form of
stochastic differential equations [1, p.248]

dX () =Y (1) dt,
WO=—FXO+ef @O YO d+ Vi@  (s=7)

Here £(t) is a Wiener random process (that is, a process with inde-
pendent increments and a Gaussian probability distribution; in this case*
< gty > =0, <E¥t) > = t). The solution of the system (1.1), as is
known [l], is a time-uniform Markov process (X(t), Y(t)) in the phase
space of the system. We shall denote by Pelx, ¥, t, x5, ¥o) the proba-~
bility density of a transition from the point (x, y) to the point (x,,
Yp) in time ¢ for the trajectory of this process. This density, as a
function of x, y, t, satisfies eguation

op dp dp L0 9,{1] .
W:y§“®%3?+8lcz ayz +f(xr y) ayA (12)

and the initial condition pg(x, ¥, 0, x4, ¥yy) = S(x - Xgr ¥ = Yg)-

The density for a stationary distribution of this process, Pe<xﬂ* Yo)-
defined by equations

P, (w0 v0) = \ Pe (2, 4) P (@ ¥, b mor v0) dady (1.3)
S P, (xq, yo) dredyo =1 1.4

satisfies equation

P, 8 ap, aP, :
e[ot g — 37 V(@ W P |y g ot =0 (t-5

Naturally, a stationary operation of system (1.1), and hence also a
function Pe' satisfying conditions (1.3) and (1.4), will not necessarily
exist for every function f(x, y). In the rémainder of this article it
will be assumed that the function f satisfies conditions such that
Pe(x' y), which is a solution of the problem (1.5) and (1.4), exists
and that for a fixed value of o the function Pe(x, y) does not "spread
out” as € -~ 0; this is equivalent to the condition: for any 8 > 0, there
exists some R > 0 such that for all &€ > 0 we have

* Here and hereafter, pointed brackets will be used to denote proba-
bility averaging.
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( Pzydray>1—12 r=VZF (1.6)
réR

2. Changing to new coordinates in equation (1.2), we readily obtain
the equation for the function

ge (ry @, &, r, @) = p ([r/ @] sing, rcos, ¢, [ry /o] sing,, r cos,)
Introducing another unknown function
u (1@, 6 1, @) = g (7, @ — 0, 8, 1y, @) 2.1

which is equivalent to changing to a rotating coordinate system

x = (r/w) sin (¢ — ©t), y = r cos (¢ — wt), we obtain the equation

Ju

u in2(p — oty O%u

————a: =& {52 [0052 (p—ob ar; _ s ((f ©!) Braqi
sin? (¢ — ot) Pu, sin 2 (¢ — o) Ou, sin? (p — wt) Ou,
+ r? op? + r? o + r ar

a .
-+ f (% sin (¢ — i), r cos (p — mt)) [cos (p — ot) —a'ii + _sm_(q)r—_cot) %i‘} (2.2)
Let x be a point of n-dimensional Euclidean space. The averaging
principle has been proved [2,3] for differential equations of the form
Qu/ot = eL(x, t)u, where L is an elliptical or parabolic second-order
differential operator; according to this principle the solution of the
Cauchy problem for this equation as € -~ 0 may be uniformly approximated
over an interval of time which is O(1/€) by the solution of the equa-
tion 9 /Ot = eL®(x)v, where LO(x) is an operator whose coefficients are
obtained from those of L(x, t) by averaging with respect to time, that
is
T
L° (&) = lim LSL (z, 1) dt
Teooo T
0
Applying this averaging principle to equation (2.2) and taking
account of (2.1), we obtain the following result: let po(r, P t, ry, ;)
be the probability density of a transition of the random process to a
plane described in polar coordinates by equation

dpo o [ %py 1 dp, 1 py apy Y (r) dpo
TR Tt a ] ren g+ H 2 ey

where
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2n 2n
1 r . . 1 r
D (r) = T3 S f(-a cos ¢, r sin t) sintdt, ¥ (r) = XS f(—d)- cos ¢, r sin t) costdt (2 .4)
9 )
Then for any R > 0 and T > 0
G (@ —wt, t,r;, @) —po(r, @, te, ry, ¢) -0 as &0 (2.5)

uniformly with respect to r, o, ry» @, in the region r <R, r < R and
with respect to ¢t in the region 0 <t < T/e.

The relation (2.5) may also be rewritten as

ge (ro@, t, 1, ) — po(r, @ +wt, te, ry, @) - 0 as ¢ — 0 (2.6)
which is more suitable for our further work.

3. If, for the process described by equation (2.3), there exists a
stationary density p(r, ¢), then it will evidently be independent of ¢
and will be a solution of the problem

a? *
- (" — p'1— (@ () p)’ =0, S p(r) rdr =1
0

Hence, we find

r

p(r) = [OSQ exp {-5—2— Sr D (s) ds} rdr]-l exp {:—2 S ® (s) ds} 3.1)
0 0 0

It is assumed that the function O(r) satisfies the conditions under
which the integral in (3.1) will converge; the convergence of this in-
tegral, as is known, is necessary and sufficient for stationary opera-
tion in the process described by equation (2.3). We introduce the nota-
tion

Qe (ry¢) = P, (ro~2 sing, r cosq)

We shall prove that for any bounded function f(r, ¢)

($rooe orarde—~\{ 1.0 p () rardp as e—o0 (3.2)

From known limit theorems on Markov processes with invariant measure
[4,5] it follows that for any § > 0 and R > 0 there exists a T, such
that

1§87 000 oo 7y @0 Tor 7000 — £ () ridriden | <8 where r <R (3.3)
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From (2.6), (1.6) and (3.3) we obtain the inequality
(3.4)

<28 if e<Ce (8,7, r<R

-

\:Sf {ru @0 ‘_?: (r, @, 3;:9' ) Piy <px) —p (r‘)] rdry do,

From (3.4), taking account of the identity

SSI (rn9)Q (r,9) rdrdp = SSQ; {r.o) rd"d‘PSS e (’i P, _20_ » T1s ‘pl) | (ry @) rdrydoy

we find that for ¢ <e0

l&g 1Q. rdrdcpwgg fprdrde ; <
SS + SS )Qs {r,@) rdr d‘pl&&[qg (r, ¢, 3;—0 : Py (})1) —p (rl)] f{re @ rdrg | <
<R

rz=

<(
,

gzé—%M&& Q. (r, ¢) rdrdy (M = sup|f))
rzR

Since 5 > 0 and R 2 0 are arbitrary, it follows that, taking (1.8)
into account, we obtain (3.2).

Equation (3.2) enables us to investigate the behavior of the station~
ary measure of the process (1.1) as € =~ 0 for different orders of magni-~
tude of o = u/qe, since it is sufficient for this to investigate the be-~
havior of the function p(r) defined by equation (3.1). Evidently for the
density of the distribution rp(r) with respect to the measure drd¢ we
have extremum points where

D (r) = — 0%/ 2r (3.9)

In the limiting case o ~ 0 equation (3.5) becomes the well-known
equation for the equilibrium points of an oscillatory system which
approximates a harmonic oscillator [6. p.6583

Q) =0 (3.6)

This result shows that in the case of noise power u2 << g, white
noise may be neglected in the study of the oscillations.

In the second limiting case, o —~ ©, the stationary distribution
nspreads out". This means that for p? > €, no stable oscillatory be-
havior is possible,

Physically, the quantity
E, () = Yy {o® [X, (F + Y, (9]*}

represents the energy of the oscillations at time t. From ergodic
theorems it follows that the average energy of the oscillations over
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time T as T - ® has for almost all trajectories the limit

T
.1 1
KEp> = }‘1m _2T§ E, (t)dt = igr’Pg (r, @) rdrde

We assume that the following condition (somewhat more restrictive
than (1.6)) is satisfied: for all € > 0 and fixed o

SSP¢ (@) Pdrdp <8 for R>Ro ()
r>R

Then from (3.2) we find
1 [ @]
Lm<E,)> = <Ey = TS Pp(r)dr 3.7
e—0 “ H

4. Let g(t) be a random variable equal to the number of times the
component XE(t) of the process (Xe(t), Y (t)) goes through zero from
left to right. As is known, the limit of the random variable (l/t)g(t)
as t - ® is, with a probability of unity, lim [(1/¢) < Q(t)>], where
the averaging is taken for any initial distribution. This limit multi-
plied by 2w is called the effective frequency of oscillation of the pro-
cess, < 0 >,

It is clear that for € = 0, o = 0, the quantity <<oe>' is identical
with w. The presence of nonlinearity and random disturbances neces-
sjtates a corrective term added to the frequency. It is known that in
the absence of noise (¢ = 0, € # 0) the formula

ﬂ

+ o (e) (e—0) (4.1)

(,0:=(0 +

is valid, where Y(r) is defined by equation (2.4) and the constant To
is determined from equation (3.6). The purpose of the present section
is to obtain the analog of the formula (4.1) for any O.

In order to calculate <:we3> it is convenient to consider the random
process (X (t), Ye(t)) in another phase space so that the number of
times that the trajectory of the process has encircled zero will be
"remembered".

The mapping inverse to x = ro~! sin @, ¥y = r cos ¢ translates the

Markov process X = (X (t)y, Y () in the xy-plane into the Markov pro-
cess X, = (r(t), ¢(t)) on the set k={o< <¢o<2om r? 0}, where (r, P)
and (r, ¢ t 2m) represent the same point.

Each trajectory (r(t), ¢(t)) of the process X2 will be mapped onto
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the trajectory of a new process X; = (p(s), ©(s)) in the half-plane
Ki(-2<¥9 <o, p > 0) by the formulas

P(s) = r(s) 01s) =@ (s) + 2aL (3)

and we shall require this mapping to preserve the probability measure
on the set of trajectories. It is easy to verify that the process X3
thus constructed is also a Markov process. Its transition probability
density q¢*(p, 8, t;, p;, 0)) (with respect to the measure p,dp,df,)
satisfies the same differential equation in the variables p, 8, t as
the function qe(r, @, t, ry, @,) does in the variables r, ¢, t. However,
unplike the function g., which is the Green’s function of this-equation
on the set (K, t > 0), the function ge* is the Green’s function on

Ky t 2 0).

Applying the method of Section 2 (it must be proved that the theorems
from [2.3] are applicable to this situation), we can again obtain equa-
tion (2.6), with g. replaced by ¢.* and p, replaced by p,*, where p,*
is the Green’'s function of equation (2.3) on the set (Kl, t > 0) (not
(K, t > 0), as is the case with pg). Furthermore, just as in Section 3
we found equation (3.2) from (2.6), we can find from this the relation

<0 =0 + &V (1) + o (e) (e—0) 4.2)
for
1 [e 2] o0
wp = Jim - V § a0, 7 e000 0 —0) pudeias,
p=0 8=—00
Here
(o] 00 o0
V()= S p(r) rdr S S pe* (r,0,¢,r,,0) (0, —0)rdrdd,
r=0 ri=0 9;=—00

Multiplying (2.3) by Gldelrldr1 and integrating, we find that the
function

Uy (r,0, 0 = SS po* (r,0, ¢, r,0,)0,rdrdd,
K,

also satisfies equation (2.3) on (X,, t > 0) and the initial condition
ug (1, 8, 0) = 6.

It follows from this that vy (r, 8, t) = uy(r, 6, ty ~ 0 will be the
solution of the problem

av o? [ 9% 1 v v ¥(r
ato =2 [ ] o] ; o) vo(r,0)=0

o Ty |t T
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Multiplying the last eguation by rp(r)dr and integrating, we find

av
717=S‘l’(r)p(r)dr. V() =0

and consequently

V(t)=tS‘l’(r)p(r)dr

Substituting this value of V(t) into (4.2), we finally obtain

(e

@) =vte S Y p(Pdrtol® (e—0) (4.3)

f¢]
5. Let us consider an example for which
=1, fE =yl —a? (5.1

In the absence of noise (for p = 0) we obtain the Van der Pol equa-
tion, for which, as is known

D (r} = Ygr — Yr5, ¥(r=0 (5.2

Applying the conclusions of Sections 2 to 4, we obtain from (5.2),
(3.1) and (4.3)

p ) =[2 V7o e () £ (L2)] e [+ (5 - )]

6 /|
(rer- ' § sl £

(W) = + o (&) (e — 0)

It should be noted that the applicability of the conclusions of
Sections 2 to 4 in the present case requires additional proof, since in
[2,3] it was assumed that the coefficients of the equation increase to
infinity no faster than linear functions, while f(x, ¥) = y(1 - xz)
does not satisfy this condition.

From (3.5) it is clear that in the present case the function rp(r)
has a single maximum at the point r, = [2 + 24( 1+ 02)]1/2

Hence, as o -~ 0, we obtain the well-known approximate value for the
radius of the limit cycle in the no-noise case: ry = 2. The average
energy of the oscillations in this example as € - 0 tends to a limit
{see (3.7)) is

KEy=2+ {1/ Vmoexp(—1/0) [F(V2/a)]
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In conclusion, it should be noted that the effect of random noise on
the operation of a self-oscillating system of the type considered here
was studied in [7-9]. However, in all of those investigations it was
assumed that the noise power was much less than the parameter character-
izing the nonlinearity (that is, ¢ << 1 in the notation of the present
study). It is readily seen that the results obtained for o << 1 agree
with the results of [7-8].

We should mention that the method used here is suitable for investi-
gating the effect of random noise on more general systems, both one-
dimensional and multi~dimensional, which contain a small parameter ¢
and become conservative for € = 0.
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